Abstract. It is a fundamental challenge for many problems of significant current interest in algebraic geometry and commutative algebra to understand symbolic powers I (m) of homogeneous ideals I in polynomial rings, particularly ideals of linear varieties. Such problems include computing Waring ranks of polynomials, determining the occurrence of equality I (m) = I m (or, more generally, of containments I (m) ⊆ I r ), computing Waldschmidt constants (i.e., determining the limit of the ratios of the least degree of an element in I (m) to the least degree of an element of I m ), and studying major conjectures such as Nagata's Conjecture and the uniform SHGH Conjecture (which respectively specify the Waldschmidt constant of ideals of generic points in the plane and the Hilbert functions of their symbolic powers).
Introduction by the Organisers
The mini-workshop, Ideals of Linear Subspaces, Their Symbolic Powers and Waring Problems, involved 11 men and 7 women (one of whom, due to medical issues, did not attend in person but presented her talk by skype). The participants represented 6 different countries, and were drawn from all career ranks (2 postdocs, 3 early career researchers, 6 midcareer researchers and 7 senior researchers), covering a range of specialties and expertise. This variety of expertise not only generated stimulating discussions during the workshop, but the working group sessions have led to at least three on-going research collaborations which are expected to be the basis for a number of research articles in the near future.
The theme of the workshop
Ideals of linear subspaces, and points in particular, have long held a prominent position in algebraic geometry. They have, in particular, played a prime role in recent progress on the Waring Problem for forms, which deals with power sum representations of forms, i.e., expressions of the type
where F is a form of degree d and the L i are forms of degree 1. A crucial quantity for this problem is the Waring rank rk(F ) of F , defined as the least r for which F can be written as such a sum of powers. In the 90s, results of Alexander and Hirschowitz [1] for ideals of points in projective space gave the dimension of all secant varieties of Veronese varieties, which in turn determined rk(F ) for generic forms F of any degree in any number of variables. But the Waring rank for a specific form can be larger than this generic value; obtaining bounds for rk(F ) is an active area of research for which ideals of points have played a crucial role. For example, Carlini, Catalisano and Geramita [9] use the geometry of reduced points to compute the Waring rank of monomials and of the sum of coprime monomials. Before this result, the Waring rank was explicitly known only for quadratic forms, binary forms and cubic ternary forms.
Ideals of linear subspaces have also been a focus of attention in recent research on the question of which symbolic powers of an ideal are equal to or at least contained in specific ordinary powers of the ideal. Interest in which powers are symbolic goes back at least to work of Hochster [28] and more recently has gotten attention in the work of Morey [32] and Li and Swanson [31] . In a talk in the late 00s, Huneke asked whether I (m) = I m for all m ≥ 1 if I (c) = I c , given any homogeneous ideal I of big height c. Recent work of Guardo, Harbourne and Van Tuyl [21, 23] has exploited the fact that ideals of arrangements of points in P 1 × P 1 can be regarded as defining arrangements of lines in P 3 to give a negative answer to Huneke's question.
The question of containment of symbolic powers of an ideal in specific ordinary powers of the ideal has seen even more explosive growth, starting with a paper of Swanson [34] which prompted the seminal papers of Ein-Lazarsfeld-Smith and Hochster-Huneke [16, 29] showing (as one minor consequence) that the symbolic fourth power I (4) of any radical ideal of points in the projective plane is contained in I 2 . (In the case of the radical ideal I of points p 1 , . . . , p s ∈ P n , we note that
where I(p i ) is the ideal generated by all forms that vanish at p i .) Further stimulation came from the following question of Huneke.
Question: If I is the radical ideal of points in the projective plane, must it be true that
While a number of important basic results are now available (see [6, 7, 8, 11, 12, 13, 21] ), it was only two years ago that a special configuration of points was discovered giving a negative answer to Huneke's question [14] . Since then additional mainly sporadic examples have been found [27, 2, 33] giving counterexamples to the containment in Huneke's question (and in the case of [27] , also to certain related containment conjectures posed in [3, 26] ), but many questions and conjectures remain. In addition, new avenues of research have opened up (see, e.g., [26] ) and old problems that had become quiescent have been given new life.
One such problem that has been resurrected is that of computing Waldschmidt constants. In the late 70s, in work related to transcendence questions in number theory, Waldschmidt introduced an asymptotic quantity α(I) [36] for homogeneous ideals I, now known as a Waldschmidt constant [15] . It is defined as lim m→∞
, where for any homogeneous ideal J = (0), α(J) is the degree of a generator of J of least degree. Efforts to compute or estimate Waldschmidt constants started soon after its introduction [10, 17] . The fact that it, and variants of it, are closely related to the problem of which symbolic powers of an ideal I are contained in given ordinary powers of I [7, 8, 22] has caused a resurgence of interest in computing Waldschmidt constants; see for example [3, 15, 19, 18] . Additional related work [22, 23] which became a focus of discussion at the workshop used the connection between points in multi-projective spaces and higher dimensional linear varieties in single projective spaces to study Waldschmidt constants. The foundation for these papers was understanding points in P 1 × P 1 ; previous work on points in P 1 × P 1 , such as, for example, [20, 24, 25, 35] provided important tools relied on in [21] . Moreover, the recent attention given to Waldschmidt constants has led to additional new questions, starting with the paper [5] of Bocci and Chiantini, related to fattenings of linear subvarieties in projective space (see [4, 30] ).
The structure of the workshop
The design of the workshop was successful in prompting a lot of research interaction. Short talks (35 minutes each) by participants were scheduled for the mornings, with afternoons and evenings reserved for working on specific problems raised by the participants. Potential problems for workshopping were solicited from the participants in advance of the meeting. On the first day of the workshop, the participants by acclimation settled on three main problems to focus on during the workshop. Participants were free to move from one discussion group to another and to change the focus of the discussions, as warranted by individual interest and by the potential for progress.
The topics selected for focused discussions in the discussion groups were as follows:
• H-constants and ideal containments;
• Waring rank problems; and • computing Waldschmidt constants and stability questions (how many powers of an ideal must be symbolic for all of them to be symbolic).
